Abstract
Motivated by these considerations, this paper presents a novel approach to manage 31 traceability of bulk products in production, storage and delivering phases that provides a tight 32 definition of lots in terms of their composition and size, thus allowing a strict control of the 33 production and supply chains. 
Introduction

35
The problem addressed in this paper refers to the traceability of food products in processing public notices about certain recalls of FDA-regulated products, listed more than seventy cases 66 of recalls for the first two months of 2013 (US Food and Drugs Administration, 2013).
67
One possible approach to minimize recalls consists in maintaining the lots as much as 68 possible separated in the plant. In the case of fluids, for instance, the use of different 69 containers and cleaning between two product batches is a viable solution to allow distinct 70 separated batches identities. In particular, cleaning-in-place procedures, which involve 71 pumping water and detergent through the production equipment, besides guaranteeing high 72 hygienic standards, is foreseen as the good procedure to strictly guarantee that the different 73 batches cannot contaminate each other. However, these cleaning procedures, besides 74 representing a high cost for the company in terms of energy, manpower, and cleaning agents, 75 can become undesirable in the case of continuous production systems (such as, e.g., milk 76 production in a dairy) where continuous flow, without even minimal interruptions, of 77 liquid/granular raw material is necessary to maintain the production.
78
In these cases, the currently adopted solution consists in defining large lots, mainly referred 79 to production periods rather than to their precise composition of the lots. For instance, lots 80 based on the production day (or even a whole week) are typically encountered. This rather Moreover, to most types of bulk products, it is very difficult to associate any kind of label, should not compromise by any means the integrity and quality of the food and must be not 94 dangerous for the consumer. Thus, any RFID-based traceability system would require the 95 development of a device for safely removing the tracing devices from the final product (e.g. 
136
To allow traceability of bulk products, a convenient model of the production plant is needed.
137
This model should provide a description of the production process in terms of mass transfer 138 and storage at a lot level of detail, in order to enable an accurate prediction of the dynamics 139 of each supply-lot that can therefore be conveniently tracked.
140
The paper is structured as follows: in Section 2 a thorough theoretical analysis is carried out 141 and a modelling framework based on compartmental models is derived. Section 3 addresses 
Definitions and problem formulation
146
The first step for developing the framework introduced in this work consists in providing a 147 formal definition of lots and of lot homogeneity. 
The above definition is instrumental to a rigorous definition of homogeneous materials, in
172
terms of composition, which in turn represents a fundamental step towards a rigorous 173 treatment of the traceability problem for the case of bulk materials. To this end, the 174 composition-distance between two products ! and ! is introduced as follows
where
distances different than (2) can be introduced: for instance a weighted-norm version, with 
Note that this definition does not take into account processing history. Clearly, a characterized by the same composition vector. The handling of these production lots can be 187 performed in a completely analogous way to the one discussed in this paper, and it is not 188 considered in the present work for sake of simplicity.
189
Note also that the introduction of the quantization level ! is absolutely necessary when 
234
The crucial point is indeed to know such relative composition, which is not always an easy 
241
Any compartment, whether it represents a storage unit, like a silo, or a processing station, like 242 a mixer, a concentrator, a heater, etc., is itself a dynamic system. As a matter of fact it can 243 store some amount of mass delivered to it over time trough one or more inputs and each one 244 of its output flows is a suitable combination of the masses stored in it.
245
Assuming that the relative composition of input flows in the compartment (or batch deliveries 246 to it) in terms of S-lots is perfectly known, then the relative composition of the outputs can be 
257
The second case is when a single-input-single-output compartment behaves as a first-in-first-258 out (FIFO) buffer in which, however, input and output mass flows do not need to share the 259 same intensity-time profiles. This second condition is referred to as FIFO compartment.
260
Remark that if a plant can be fully described using only UM or FIFO compartments, then the 261 relative composition of any lot in the plant can be accurately derived, as detailed in Sections 262 3 and 4, and thus lot traceability can be conveniently implemented. 
268
In the following, it is assumed that a total of ! different S-lots are available, belonging to the
Moreover, for the sake of simplicity 270 and without loss of generality, it is assumed that any mass that is fed to the production chain 271 belongs to one and only one S-lot at the time it enters the system.
272
The case of n interconnected tanks is considered, with material flowing from the outside and Then, the following quantities are defined
denoting the fraction of S-lot ! contained in compartment !! at time ! . Obviously, by 312 definition, it holds that
Notice also that, again by definition, the quantity
coincides with the instantaneous composition of the material present in compartment ! at 314 time !.
315
At any time, the mass flow ! !" ! !is composed by masses belonging to different S-lots. In 316 particular, it can be easily seen that the relative fraction of ! !" ! !which is constituted by a 317 mass-flow belonging to the S-lot ! is given by ! ! ! ! ! !" ! .
318
The quantities previously defined allow to compactly write the state equations of the mass 319 exchange in the ! -th compartment as follows
where mixing takes place in all compartments of the production chain, then the whole system can be 325 easily described by means of ! different sets of equations (7), one for each compartment.
326
To show the behaviour of the introduced model in this case of completely uniform mixing, an 327 illustrative example is introduced next.
328
Example 1 (Completely uniform mixing). In order to clarify the concepts previously 329
presented, a simple system depicted in Fig. 1 is introduced. Focusing on the first part of the 
338
Assuming that the material is uniformly mixed in the first two compartments, the masses 
Compartments behaving as FIFO buffer
349
The case in which a generic !-th compartment behaves like a first-in-first-out buffer is surely . Similarly, the total inflow to compartment ! is
Then, relative fraction of flow entering compartment !!at time ! that is constituted of material 389 belonging to S-lot ! only can be written as follows
Obviously, it holds that
Also, the following vector can be introduced
which can be interpreted as the instantaneous composition of the inflow into compartment 
Similarly, the total mass of material belonging to S-lot ! contained in tank !!at time ! can be
400
Notice that the functions ! ! ! !! ! , ! ! !, fully describe the state of the tank ! with FIFO 401 behaviour, which turns out being a dynamic system with an infinite dimensional state vector.
402
The dynamics of the tank can therefore be precisely represented only by partial differential 
407
In our case this task can be easily done directly approximating the functions
by quantizing them over a given number of levels. It means that the inflow relative 409 composition is assumed to be constant over time as long as its composition does not vary 410 more than given thresholds. Obviously the same holds also for the outgoing flow leaving the 411 tank.
412
In the sequel, adopting a compartmental models terminology, the amount of material with a it. Formally, the !-th compartment is hence completely described by the list
of its contained cohorts. To each of these cohorts is associated the information relative to its the information that fully describes its composition, is then piled in the FIFO array. For the 424 sake of clarity, the algorithm is schematized in Fig. 7 . In particular, the differential equations 425 in (7) are simulated (step 4) until a new event, such as a valve opening/closing or a pump 426 start/stop, occurs.
427
In order to clarify the impact of using cohorts, the dynamics of the scheme introduced in
428
Example 1 is now analysed focusing on the third tank, schematized as a FIFO container.
429
Example 2. The analysis is carried out twice, using two different quantization levels, shows also masses of the largest and smallest cohort generated in each simulation of the set. then to optimize the recipes for each final product type. In the same way, the availability of 498 this information can be exploited to design improved process control strategies.
499
The present work analysed two representative cases of product containers, namely the 500 uniform-mixing and the first-in-first-out compartments. It is however important to notice that 501 the approach introduced in the paper can be extended to the more general case of storage modelled, these mathematical models can be directly integrated in the framework discussed 512 so far, since compartmental models are well-suited to cope with such situations. Specific 513 cases are currently under study, and will be the subject of further works. 
